We investigate the method for the reconstruction of f (R) gravity models both from the background evolution observations and from the large scale structure measurements. Due to the lack of the first principles, one needs to rely on the observations to build the f (R) gravity models. We show that the general f (R) models can be specified if the 5% accuracy level large scale structure formation observations will be available in the near future.
Introduction
The current accelerating expansion of the Universe can be well explained by the cosmological constant. However the cosmological constant suffers from the so-called the fine tuning and the coincidence problems. Thus, both dark energy (DE) with an exotic equation of state (e.o.s) and a modification of gravity (MG) on large scales are investigated as the alternative solutions to the cosmological constant [1, 2, 3] . Two theories are distinguished by the violation of the socalled the strong equivalence principle and one is not able to probe whether this is correct or not. Thus, the origin of the accelerating expansion of the Universe can be probed by observations.
The background evolution of both DE and MG models are degenerated, described by the Hubble parameter H and the integrations of its inverse with respect to the redshift. This degeneracy can be broken by observing the evolution of cosmological perturbations obtained from the large scale structure formation. Thus, one needs to have accurate observations both in the background evolution and in the large scale structure in order to reconstruct the viable MG models. Traditionally, one specifies the specific form of MG and fits the model parameters from observations of the background evolution. From these fixed parameters of the specific models, one predicts the observations of the large scale structure. However, this method is quite ambiguous. Also, if one includes the errors on the measurements then the probing the specific form of model is quite difficult.
The background evolution of the Universe can be specified by the DE e.o.s, ω. To be used for the various models, one usually adopts the parametrization of ω [4, 5] . Also the evolution of the cosmological perturbation is usually parametrized by using the so-called growth rate index parameter, γ. We also adopt the specific form of γ to generalize the growing of the matter perturbation [6] .
In this Letter, we focus on the f (R) gravity models among various MG models. In stead of specifying the form of f (R)-gravity models, we reconstruct the model from the observed quantities of parametrization of ω and γ. In the next section, we briefly review both the background and the perturbation equations in general f (R) gravity models in the metric formalism [7] . We show the reconstruction method of f (R)-gravity models from the observed quantities and the results in Sec. 3. We derive detail formulae for the model functions as a function of ω and γ in the appendix.
Review on Background and Perturbation Evolutions
In this section, we review the general feature of f(R) gravity models. Both the background evolution equations and the matter perturbation evolution equations are reviewed.
Model
The action of the general f(R) gravity theories are given by [8] 
where f (R) is a general function of the Ricci scalar R and L m is the matter Lagrangian. The Ricci scalar is given by
where ρ m (ρ eff ) is the mass density of the matter (the effective dark energy) component and ω eff is the e.o.s of the effective DE which is derived from the modification of the Einstein-Hilbert action. It has been considered that the form of f (R) can be constrained in order to satisfy both cosmological and solarsystem tests [9] . It has been believed that following two conditions are required to satisfy observational tests
which lead to several viable f (R) models shown in the table 1. There are also constraints on the derivatives of f (R) to satisfy the attractive gravity and the stability of the model.
One can refer the recent review on these models [13] .
Background Evolution Equations
We are interested in the evolution of the Universe after the matter dominated epoch. The gravitational field equation is obtained from the variation of action, Eq(1) with respect to the metric
where
µν is an energy-momentum tensor of the pressureless matter. In a flat Friedmann-Lemaître-Robertson-Walker (FLRW) metric with a scale factor a, one obtain the following background equations
where F 0 denotes the present value of F and the pressure of matter component, P m will be ignored.
Perturbation Equations
The equation for the matter perturbation at the sub-horizon scale limit,
1 is given by [14] 
The growth rate of the matter perturbation is well parameterized as
where the growth rate index, γ can be parameterized as [6] 
The term in the perturbation equation, M can be divided for three limits (I) M 1 : These limit corresponds scales where the large scale structure is formed, (RM
. The solutions for the matter perturbation are given by δ m = exp αdn and using the approximation |α | α 2 , one obtains the growing mode solution [15] 
where m is the dimensionless quantity. If m is constant, then a 2 R ∝ a −1 during the matter dominated era. Thus, the growing mode of the matter perturbation is given by
F ,R = F R > 0 at high R is required for the stability of the solution. This means F < 0 at high z because R < 0.
In this case, F = const. (F ,R = 0). This case is same as the ΛCDM model with general relativity.
(III) M 1 : For M ≥ 10, one can approximate
with less than 1% error. In this case, ω eff = 1 3 and Ω m = 2 when
4 which corresponds to a φ matter dominated epoch (φMDE) [16] . We will use the large scale structure formation observation to constrain the model and thus we will not consider this limit.
Field Equations
Impact of f (R) can be investigated as a field equation for F . The trace of Eq. (6) is given by
Thus, the effective potential has an extremum at
Model Reconstruction from Observations
It is convenient to rewrite the both background evolution equations (7)- (8) and the matter perturbation equation (10) as a function of the number of efolding, n ≡ ln a. Then both Friedmann equations and the matter perturbation equations become
as shown in Eqs. (A.3), (A.4), and (A.18). Now one can rewrite the model functions as functions of observed quantities ω and γ. One can refer the appendix for the detail derivations of this section. We adopt the so-called Chevallier-Polarski-Linder (CPL) parameterization of the DE e.o.s ω DE = ω 0 + ω a (1 − e n ) [4, 5] to match the background evolution equations (18)- (19) with (A.15)-(A.16).
From these equations, one can relate model functions f and F with the DE e.o.s, ω. However, one is not able to constrain the evolutions of model functions with these equations only. However, one also can parametrize the growth rate of the matter perturbation as d ln δ m /d ln a ≡ Ω γ m and we adopt the parametrization of the growth rate index parameter as γ = γ 0 + γ a (1 − e n ) given in [6] . One more equation required to fully constrain the model functions is obtained from 
All of the quantities in the above equations F/F 0 , P, M , and A are dimensionless.
We list the reconstructed model functions as a function of ω 0 , ω a , γ 0 , and γ a in the table A.4 in the appendix. Observational measurements can be parameterized by these values. However, the measurement on γ 0 and γ a from galaxy redshift surveys are still not accurate enough. Thus, we first assume that one can measure the exact values of (γ 0 , γ a ) when (ω 0 , ω a ) measured very accurately. We numerically calculate the (γ 0 , γ a ) values from Eq.(20) for the given values of Ω m0 , ω 0 , ω a , and M 0 . We assume the ΛCDM like background evolution (i.e. (ω 0 , ω a ) = (−1, 0)) for the different values of Ω m0 to obtain the values of (γ 0 , γ a ). One also need to specify the present value of M 0 to obtain the growth index parameters (γ 0 , γ a ). The best fit values for the different models are given in the table 2. For the given value of the matter energy density contrast, Ω m0 the magnitudes of γ 0 are increased as the magnitudes of M 0 decrease. Also as the magnitudes of M 0 decrease, so do the absolute values of γ a . This is due to the fact that model gets close to ΛCDM as M decreases and thus the growth index parameter of f (R) model becomes that of ΛCDM. For example, (γ 0 , γ a ) = (0.519, −0.162) when Ω m0 = 0.32 and M 0 = 0.1. But they become (0.554, −0.016) for the same value of Ω m0 when M 0 = 10 −4 as shown in the table 2. One can also find that the values of γ 0 is increased as those of Ω m0 decrease for the same value of M 0 . With the given values of ω 0 , ω a , γ 0 , and γ a one can solve the differential equation (26) with the initial condition F F0 = 1 to reconstruct the f (R) models.
We repeat the same numerical calculation to obtain the best fit values of (γ 0 , γ a ) for the same models. However, we consider the measurement errors on the growth rate, d ln δ d ln a at this moment. We assume the measurement error on the growth rate from -10 % to + 10 % when we obtain the growth index parameters (γ 0 , γ a ). These are shown in the table 3. The values of (γ 0 , γ a ) are increased when the growth index values are decreased by including the decreased values of the growth index due to the measurement errors. For example, the measured values of (γ 0 , γ a ) should be (0.600, 0.186) for Ω m0 = 0.32 and M 0 = 0.1 model when the measured value of d ln δ d ln a is 10 % smaller than true value. When the measurement on the growth index is larger than the true value of it, then the values of (γ 0 , γ a ) are smaller than the true values of the growth index parameters. 
Results
Now, one can reconstruct the f (R) gravity models from the obtained values of (ω 0 , ω a ) and (γ 0 , γ a ) without and with considering the measurement errors on γ. One can numerically solve the equation (26) by using the initial condition F/F 0 = 1 and values of ω 0 , ω a , γ 0 , and γ a given in the tables 2 and 3.
(I) Without measurement error :
First, we investigate the model reconstruction without considering measurement error. We probe the effective DE e.o.s, ω eff given in Eq. (A.14). If we assume that all the necessary measurements are measured without errors, then one can reconstruct ω eff without any uncertainty. In Fig.1 (26) to obtain evolution behaviors of ω eff given in Eq. (A.14). The solid, dashed, and dot-dashed lines depict ω eff for Ω m0 = 0.32, 0.30, and 0.27, respectively. All the models consistent with ω eff = −1.0 within percent level accuracies. Even though the larger the value of Ω m0 , the larger the deviation of ω eff from ω = −1.0, all of those deviations are sub-percent level and one will not be able to distinguish ω eff from -1. In the right panel of Fig.1, we In the previous consideration, we do not include measurement errors in both ω and γ. However, in the real observations, measured values of them include measurement errors. Compared to γ, one might ignore the errors on ω. In future observations, the error on the growth rate d ln δ/d ln a might be reduced to 5 -10 % level. Thus, we consider the f (R) model reconstruction including measurement errors on the growth rate. We numerically obtain the growth index parameters with including measurement errors on d ln δ/d ln a in the table 3. We obtain (γ 0 , γ a ) for the different models with the measurement errors on the growth rate from -10 % to + 10 %. For example, when the measurement errors on the growth rate is +5 %, then (γ 0 , γ a ) = (0.482, -0.323) when Ω m0 = 0.32. As shown in the table 3, if the measurements on the growth rate become smaller than the true values, then both γ 0 and γ a become larger than true values for all models. Also if the measurements on the growth rate are larger than the true values, then both γ 0 and γ a are smaller than true values of them. We show the evolutions of ω eff and F/F 0 with including the measurement errors on the growth rate in Fig.3 . We investigate the models with (ω 0 , Ω m0 , M ) = (−1.0, 0.32, 0.1). In the left panel of Fig.3 , we show the evolutions of the effective DE e.o.s when we include the measurement errors on d ln δ/d ln a. The dashed line correspond the case when the measurement of the growth rate is 5 % smaller than the true value. The smaller values of the growth rate than the true one induce the smaller change in the modification terms of the model and thus produce smaller change in ω eff . The dot-dashed line represents the case when the growth rate measurement is 5% larger than that of the true value. In this case, the larger deviation of the F/F 0 induces the larger deviation of ω eff from -1. The deviation can be as large as 3 % at z ∼ 2 in this case. Thus, one might have inconsistent values of ω eff obtained from the background evolution and the large scale structure. In the right panel of Fig.3 , we show the evolutions of F/F 0 when we include the measurement errors. The dot-dashed line indicates the evolution of F/F 0 when the measurement error on the growth rate is +5 %. This case shows the rapid change of F/F 0 compared to the real model. This might give the totally different functional form of the model compared to the original model. Also when the error on the growth rate is -5%, the F/F 0 can be smaller than 1. And this case, one might conclude the gravitational force is smaller than the present one. This gives the opposite result compared to the original model. Thus, the interpretation of f (R) model with measurement errors requires more carel. 
Comparison with Viable model
We list the viable f (R) gravity models in the table1. We compare the reconstructed models with the so-called "Hu-Sawicki (HS)" model [9] . If one converts the notations of HS model to ours, then one obtains
where p is the natural number andf R0 is the initial input parameter. The figure 4 depicts the evolutions off R = F/F 0 − 1 for both the reconstructed model and the HS models. We adopt (ω 0 , ω a , Ω m0 ) = (−1, 0, 0.32) in this figure.
The solid line indicates the evolution of reconstructedf R when M 0 = 10 −2 . The dashed (dot-dashed) line shows the evolution off R of HS models when p = 1 (2) withf R0 = 10 −4 . All of them show the same behaviors as F/F 0 − 1 increase as z increases. The main difference between our reconstruction method and HS model is the rate off R which depends on γ 0 and γ a in our method. The reconstruction method can provide general function of f (R) gravity models which consistent with observations.
Conclusions
We illustrate how to determine the general f (R) gravity models from cosmological observations. Thus, if cosmological observables are accurate enough, then one can constrain the model functions. Especially, if the growth rate index is determined with high accuracy, then one can well specify the model. Even if the future observations are consistent with ΛCDM in background evolutions, one might have a chance to specify f (R) gravity if the growth rate of the large scale structure is different from that of ΛCDM. Our method depends on only observations and can be used for various model search after the more accurate large scale structure data are available in the near future.
Appendix A.
One can rewrite evolution equations for both the background and the matter perturbation Eqs. (7)- (10) as a function of n ≡ ln a in order to relate thef (R) gravity models as a function of observed quantities.
Appendix A.1. Background Evolution First, we rewrite the background evolution equations Eqs. (7)- (8) as a function of n
where primes mean the derivative with respect to n. One can rewrite the above equations
We adopt the so-called Chevallier-Polarski-Linder (CPL) parameterization of the dark energy e.o.s ω DE [4, 5] to match the background evolution equations (A.1)-(A.2) 9) ρ DE = ρ DE0 e −3(1+ω0+ωa)n+3ωa(e n −1) , (A.10)
where ρ cr is the critical density. Thus, one can parameterize model f (R) and its derivatives with respect to n as a function of ω 0 and ω a Ω DE [Ω m0 , ω 0 , ω a , n] = 1 6 Ω m0 , ω 0 , ω a , γ 0 , γ a , k 3 2 Ωm P
1+4M 1+3M
A [Ω m0 , ω 0 , ω a , γ 0 , γ a , k, n] Ω m0 , ω 0 , ω a , γ 0 , γ a , k 
